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We measure and model the spectral dependence of Faraday rotation in one-dimensional
lattice structures comprised of co-extruded alternating polymer layers of polymethylmethacrylate
and polystyrene. We develop theory that shows that the net Faraday rotation in a symmetric
multilayer system is determined not by the total thickness of the constituent materials, but by the
time spent in each constituent material as measured by the overall group velocity delay of the
structure and the relative energy distribution per material. We compare measured and computed
Faraday rotation spectra for these films to theoretical predictions, taking into account ellipticity
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as well as layer thickness variations and finite spectral width detection. To measure rotations of
these thin, non-magnetic, weak Faraday rotators, we constructed and optimized an apparatus
capable of measuring broadband Faraday rotation spectra at 0.001 degree resolution for rotation
angles as small as 0.002 degrees.
OCIS codes: 160.3820, 160.4890, 160.5293, 160.5470, 230.2240 .

1. INTRODUCTION
The Faraday effect is the rotation of the polarization of light in the presence of a
longitudinal magnetic field. In the conventional description of this rotation in a non-birefringent
bulk material, the rotation angle θ F is a linear function of the transport length through the
medium (here, length L in the ẑ -direction),

θ F ( λ ) = ∫ V ( λ , z ) B ( z ) dz = V ( λ ) BL,
L

(1)

0

with the right-most expression applying to homogeneous bulk materials in a uniform longitudinal
(i.e., along ẑ ) magnetic field B. Here, V ( λ ) is the Verdet constant, a property of the bulk
material. Due to the non-reciprocal nature of Faraday rotation, when there are multilayer
reflections, Eq. (1) clearly does not apply. Most importantly, Eq. (1) fails to account for
coherent forward and backward scattering, such as occurs, for example, in the vicinity of the
reflection band of a photonic crystal.. Standard treatments for a one-dimensional photonic
crystal (1D-PC) accomplish this through a 4x4 matrix formalism that coherently combines
propagation and polarization rotation effects of each layer in the stack.[1] In this paper we detail
measurements of Faraday rotation in a multilayer co-extruded polymer and describe an
alternative theoretical approach to understanding the rotation in terms of bulk properties,
transport time and mode structure.

2

In Section 2 we describe the materials and the experimental methods we used to measure
the spectral dependence of Faraday rotation in a 1D-PC system fabricated through a co-extrusion
process. In order to understand our measured Faraday rotation spectra in Section 3, we describe
a quantitative time-based theory for Faraday rotation in that Section and the Appendix that relies
on the 2 × 2 transfer matrix formalism only (i.e., the transport of a single polarization in the
absence of the Faraday effect) to determine the group velocity delay and the steady state energy
density in the multilayer. The group velocity delay and steady state energy density are then
combined (as derived in the Appendix) to give the Faraday rotation from a 1D-PC as simply the
sum of the products of the time spent in each species by the Verdet coefficient (written in time
units) for that species. This approach provides a novel conceptual basis for understanding the
suppression of the Verdet effect within the reflection band. As concluded in Section 4, our 2 × 2
matrix approach gives a simple and quantitative physical picture for the connection between
dispersion, standing wave power and Faraday rotation, which may be useful as researchers
formulate targeted approaches for optimizing the structure-property relationships of
nonreciprocal processes in photonic crystals.

2. EXPERIMENT
A. Materials and Processes

Interest in multilayer polymer stacks as 1D-PCs has grown in the past decade due to the lowcost, ease-of-processing, and tailorability of these systems.[2]

Recent efforts using self-

assembly[3] and forced assembly[4] co-extrusion now enable large-scale production of custom
one-dimensional structures with hundreds of layers and one or more reflection bands tailored for
use in the visible/NIR spectrum.[5] These hold promise for being simpler and faster than
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traditionally-used

multi-step

processing,

such

as

embossing,[6]

(nano)imprinting,[7]

conventional or soft lithography,[8]or repetitive spin-coating and stacking.[9]
Polymer 1D-PCs have been proposed for device applications that take advantage of the
increased interaction time of light at the band edges and band defects to enhance or suppress
gain, loss, and nonlinear active processes.[10] For example, polymer 1D-PCs doped with gain
media have been investigated as distributed feedback lasers,[11] and the use of nonlinear optical
constituents in the multilayer has been proposed to activate changes to the reflection band that
enable optical switching and optical limiting.[12] Indeed, any process that depends on the
time/path length of interaction of light without regard to the direction of propagation of that light
is a candidate for enhancement in a 1D-PC due to multilayer reflections at band edges and at
defects within the reflection stop band. As suggested by Eq. (1), Faraday rotation is another such
path-length dependent process, and we report on its use as a probe for studying the transport time
in a 1D-PC.[13]
Unfortunately, while the co-extrusion process that we use has been shown to be
compatible with many different polymer constituents, most polymers show only a very small
bulk Faraday effect.[14,15,16] Still, the simplicity of preparation and handling of our system,
the high transparency of the materials outside the reflection band, and the new ease of
constructing 1D-PCs with large numbers of layers, afford us a useful medium for experimentally
and theoretically separating the intrinsic and lattice structural effects contributing to Faraday
rotation in a 1D-PC.
There has been significant technological progress in the use of magnetic multilayer
materials as optical rotators,[17] including theoretical studies of structures incorporating one or
more anomalous ‘defect’ layers within an otherwise quarter-wavelength stack.[18,19,20,21]
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These one-dimensional magneto-optic crystals (1D-MO-PCs) have typically been modeled
and/or measured using various multilayer configurations consisting of one or two distinct
dielectric species (A,B) and/or one or two magnetic species (M), typically iron garnet and other
magnetically enhanced materials layered with inorganic dielectric glasses. Layered systems
studied include magnetic materials sandwiched within a distributed dielectric Bragg structure
(AB)aM(BA)b,[22,23] or magnetic materials alternated with dielectrics as in (MA)a or
(MA)aMb(MA)a,[24,25,26], (MA)a(AM)b(MA)a,[27,28] (M1M2)a or even purely magnetic
bilayers as in M1M2)aM1b(M2M1)a.[29,30] (Here, for simplicity, superscripts a and b represent
number of layers and, in some cases, half-layers, where the layers in parentheses may be in either
order.) The quantitative nature of the connection between rotation and transport indicated below
in the non-magnetic case provides insights into the Faraday effect of these magnetic 1D-PC
systems as well.
The multilayer systems that we studied consist of alternating layers of poly(methylmethacrylate) (PMMA) and polystyrene (PS) fabricated by a layer-multiplying co-extrusion
process previously described in Refs. [4], [11] and [31]. Briefly, the multilayer fabrication
process involves feeding the polymer melts into a co-extrusion feed block and then into a series
of n multiplying elements, thereby producing large area films with 2n+1 layers that can be folded
or stacked to create simple defect structures. In our experiments, we measured the transmission
and Faraday rotation for a 128-layer (PS/PMMA)64 film. The difference of the refractive indices
n of PS ( nD = 1.592 ± 0.002 ) and PMMA ( nD = 1.491 ± 0.002 ) and average layer thickness of

~83 nm caused the multilayer films to display a reflection band around 500-510 nm. We also
measured a (PS/PMMA)16(PMMA/PS)16 64-layer film created by simply folding a single 32-
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layer PS/PMMA film (average layer thickness ~ 87 nm) to create a half-wavelength defect in the
center of the quarter-wavelength stack.
Figure 1 shows data from an atomic force microscopy (AFM) scan across a micro-tomed
multilayer slice for a 32-layer (PS/PMMA)16 sample of the type assembled for these
measurements. Typical layer thickness variations for the process used to create these 32-layer
and 128-layer films were the subject of study in Ref. [4] and [32]. The thickness distributions
were found to have nominal standard deviations of 15% and 24%, respectively, but were not
Gaussian.[32] As noted above, the materials used in this study were chosen for their amenability
to co-extrusion processing and the quality of the reflection band, not for their inherent bulk
Faraday rotation characteristics.

Although the inherent Faraday effects in the constituent

polymers of our system are several orders of magnitude smaller than those of more commonly
studied iron-garnet materials, we are encouraged by recent reports of polymer materials showing
anomalously large Faraday rotation comparable to those of ferromagnetic materials,[33,34] and
by reports of the incorporation of high permeability materials into an amorphous matrix using
disperse nanostructures.[35,36]

B. Faraday Rotation Measurement

Faraday rotation is typically measured by the transmitted light intensity change caused by the
rotation of polarization through angle θ F for light transmitted through the material in the
direction of an applied magnetic field. We can express the Faraday rotation angle in terms of the
light transmitted through a sample placed between a polarizer and analyzer in the presence of
forward and backward magnetic fields, yielding,

θF = −

I B − field forward − I B − field backward
1
×
2 tan(θ pol ) I B − field forward + I B − field backward
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(2)

where θ pol is the angle between the initial input polarizer just before the sample and the analyzer
just after the sample, and B-field refers to the applied magnetic field.

I B − field forward and

I B − field backward are the light intensities when the magnetic field is parallel and anti-parallel to the
light propagating direction, respectively, which are identical, of course, when θ pol =0.
We see from Eq. (2) that the choice of angle θ pol helps to determine the sensitivity of a
Faraday rotation measurement, i.e., how small of a rotation angle can be measured. The intensity
stability of the system ultimately limits the sensitivity of the Faraday rotation measurement. If

θ pol = 45 (commonly used in other Faraday rotation measurement, e.g. see Refs. [14,37]), then
2 tan(θ pol ) ≅ 2 and a 1% variation in the light intensity corresponds to a maximum rotation angle
resolution sensitivity of ±0.3 . If, however, a larger angle is used (for example, θ pol = 85 as in
most of our experiments), then 2 tan(θ pol ) = 22.8 and the resolution is increased by a factor of
11.4. To make our sample measurements, we kept the analyzer usually at either 85 or 88 with
respect to the polarizer, depending upon the amount of light transmitted through the sample. The
stability of our setup allowed measured rotations as small as 0.002o with a resolution of 0.001 .
The experimental setup is shown in Fig. 2. Instead of measuring the change in light
intensity arising from switching on and off the magnet (Varian V4000) (the magnet field for the
128-layer measurement was 1.04 ± 0.05 T, and the field for 64-layer measurement was
1.57 ± 0.05 T), we measured the difference in the signal between equal forward and backward
longitudinal magnetic fields. Using equal forward and backward applied magnetic fields offers
two advantages: (1) the amplitude of the resulting signal is doubled, and (2) quadratic artifacts
caused by mechanical distortions in the strong magnetic field are eliminated, much as would be
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the case with an ac detection system.[37] Within the limits of our system, however, we found
that we were able to achieve larger magnetic fields and better resolution with dc magnetic fields
applied alternately in the forward and backward directions (see Fig. 3 inset), and use of a digital
intensity measurement based on TAOS TSL237 sensors.
Because of the small changes being measured, the intensity stability of the light source
needed to be better than 0.1%. Rather than use a tunable laser source, which can easily exhibit
noise at a few percent unless actively stabilized, we used a 20-W high-lumen broadband LED
operating at a constant 25 A as the light source (PhlatLight CBT 120-G from Luminus Devices,
Inc.[38]). This ice-water cooled LED exhibited a broad emission spectrum from 450 nm to 600
nm with an overall stability (for 100’s of seconds) of the measured signal at the photodetectors of
approximately 0.01%.
We used thin film polarizers on each side of our magnet coils and kept them as far as
possible from the magnet poles (in our experiment, about 53 cm) without losing significant
throughput. The sample was mounted on a non-magnetic holder between the two coils. A
monochromator with a resolution of 2.5 nm was used to select the wavelength range incident on
the detectors for each measurement. The relatively low resolution was necessitated by the low
light levels present at the detector, especially when far from the LED’s peak output or deep
within the reflection band of our multilayers.

3. RESULTS
A. Faraday Rotation in Multilayers

As a check of our setup, we measured the Verdet coefficients of BK7 glass and of PMMA and
PS monolith films. A 4.0-mm BK7 glass slab was measured at the conventional analyzer angle
of θ pol = 45 because this thickness produced a relatively large polarization rotation compared to
8

the polymer monoliths and our multilayer sample. From our measurements, the Verdet constant
was calculated to be V = 8.0 ± 0.1 Rad/(T-m) at 491 nm, which agrees with the spectrally
adjusted value in the literature for this wavelength.[39]
The thicknesses of the PMMA and PS monolith films were 220 μm and 208 μm,
respectively. These films were characterized using an analyzer angle of θ pol = 80 . Both the
PMMA and PS monoliths were scanned from 450 nm to 600 nm and the measured Faraday
rotation (Verdet) spectra are shown in Fig. 3. The inset on the top right of Fig. 3 shows an
example of the experimental data we collected for forward and backward applied magnetic
fields. At each wavelength, the light intensity was integrated for 150 seconds with the forward
B-field and then 150 seconds with the backward B-field and each measurement was then
repeated three times.

Both the PS and PMMA Verdet spectra were fit using a modified

Becquerel/Cauchy dispersion model V = a λ 2 + b λ 4 (c.f. Ref 40), where λ is the wavelength in
meters and a and b are the fitting parameters, which are a = 7.40 × 105 m2T-1, b = 1.10 × 1011 m4
T-1 for PMMA and a = 2.27 × 106 m2T-1, b = 2.21× 1011 m4T-1for PS. The experimental value of
both PMMA and PS closely agree with literature values.[16,40]
We then measured a 128-layer PMMA/PS multilayer film which had been made by the
co-extrusion method described above and in Ref. [32]. This multilayer film has a total thickness
of about 11μ m , representing an interaction length for which a pure PMMA sample would show
rotation of 0.0038 per Tesla at 500 nm. The transmission spectrum for our multilayer sample
was measured using an Ocean Optics USB4000 Spectrometer, and the sample’s reflection band
was centered at 505 nm. The Faraday rotation spectrum was measured with the analyzer setting
at θ pol = 88 with respect to the polarizer, and the rotation values were subsequently calibrated
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based on the measured values at 491 nm with the analyzer setting at θ pol = 85 . The Faraday
rotation angles were also corrected by subtracting the small measured rotation angle without the
sample present. This residual rotation, we believe, is caused by the Faraday effects of the
remaining optical elements, as well as systematics due to hysteresis in our magnet. The results
are shown as a function of incident wavelength in Fig. 4. Outside of the reflection band region,
the experimental value for the multilayers is close to the average value for combined PMMA and
PS monoliths of the same total thickness as our multilayers, which is reasonable because
multilayer interference effects in the off-band range are weak. Inside the reflection band, the
effective Verdet constant drops markedly. Near the left edge of the band, a clear peak shows an
enhancement by a factor of about 1.5 which corresponds well to the location of the small, but
significant defect in the reflection band centered at the same wavelength. On right edge, the
enhancement is also present, but at a significantly lower level, consistent with the wide spectral
averaging used and significant layer thickness variation present in this sample. We note that
although it appears that the maximum enhancement is close to the value for a PS monolith of the
same overall thickness (which is the constituent with the higher inherent Verdet constant), our
modeling and additional measurements confirm that this is not a general result.

With a

multilayer system of higher uniformity and with a detection scheme of narrower wavelength
spread, the Faraday rotation for the multilayer material exceeds the value for an equally-thick
monolith of the higher Verdet material alone.
As a test of our rotation model at both reflection band-edge and band defects, we next
measured a folded multilayer film configured as (PS/PMMA)16(PMMA/PS)16, as previously
described. The measured results are shown in Fig. 5. As can be seen, the central transmission
region splitting the reflection band corresponds to a region of enhanced effective Verdet 1.5
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times that of a monolithic structure based on an average of the Verdet coefficients of the two
constituent species. In this case, the edge-enhancement on the long wavelength side of the
reflection band can also been seen, though reduced in size by spectral averaging and likely
further reduced by the effects of layer thickness variations.
B. Application of Theory

Quantitatively complete versions of linear optical transport that include Faraday rotation
commonly use a 4 × 4 transfer matrix formalism in which the off-diagonal matrix elements
provide coupling between perpendicular polarization states[22,41] in each layer. Although this
approach is wholly satisfactory as a quantitative method connecting the microstructure of the
layered system to the overall optical properties, we suggest that it obscures the following simple
physical narrative for the modulations of the magneto-optical rotation across the reflection stop
band and at band defects.
An alternative approach highlights the utility of thinking of the transport in time rather
than in space. This conceptually simpler approach uses only 2 × 2 transfer matrices (that is,
transport of a single polarization), and yet elucidates quantitatively the connection between the
reflection band structure and the Faraday rotation.

To begin, we recast the bulk Verdet

coefficients V per unit length L (of Eq. (1)) into reduced Verdet coefficients υ per unit time t in
the material. In practice, for bulk materials, we take υ = Vvg where vg =

∂ω
is the group
∂k

velocity. In passing we note that recasting of Faraday rotation in terms of time is very natural
from the point of view of quantum optics where the rotation angle is a convolution product of the
magnetic field induced detunings (Zeeman effect, linear at small field) and the density of the
transition-allowed states all multiplied by the time in the material. (See Ref.[42] for a popular
review of this viewpoint; see also Ref.[43] for the range of validity of one of the approximations
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used to get Eq.(1) from this viewpoint.) To determine the Faraday rotation caused by transport
through any structure, one need only calculate the time spent in each species of the structure and
multiply that species’ Verdet (in time units). In a multilayer system, however, the time spent in
each species is not a simple function of the thickness; the net effect of matching boundary
conditions at each interface greatly influences the time. The derivation in the Appendix, for
simplicity here for a two-component lattice multilayer maintains that

θF
B

=

∑

all layers

Vvg t D

=

(Vv )
g

t

+
A A

(Vv )

t = υ At A + υ B t B ,

(3)

g B B

where A and B indicate the two constituent species of the system (PMMA and PS in our
systems), and t A and t B are the time spent in each species.
Before attempting to compute t A and t B , however, we first compute the total time spent
in the multilayer t D = t A + t B by appealing to the group velocity delay, t D =

λ

2

dφ

2π c d λ

≈

λ

2

Δφ

2π c Δλ

,

where φ is the phase of the transmitted electric field relative to the incoming electric field as a
function of the wavelength λ. As with the multilayers’ transmittance and reflectance, this phase

φ and therefore t D can be computed in a straightforward manner from the 2 × 2 transfer matrices
of a single polarization[1] or can be determined experimentally. For any layer i within the stack,
the total 2 × 2 transfer matrix can be split into three matrices such that N i M i Pi where N i and
Pi represent the partial transfer matrices corresponding to the stack elements to the left and right,

respectively, of the layer with 2 × 2 matrix Mi. The electric field Ei ( z ) can then be calculated
within the ith layer at any point z within the layer as described in Ref. [44]. Although wave
transport is dominated by evanescence at the deepest point of the reflection band, there is no
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problem with computing t D as defined above.[45] Also, it is worth remarking that what we are
calling “total time” t D is proportional to the local density of states in the multilayer.[46]
The most clear, simple physical way to apportion t D into a time per species, t A and t B , is
by reference to the probability of finding the photon in one species or the other. Note that we are
determining, at steady state, the average time spent by a photon in each species’ layers, which is
different than the time taken to get to each of those layers, a quantity that is apparently not well
defined (see, for example, Refs. [45,47]). We show in the Appendix that the probability of
finding a photon in one or the other species in a symmetrical stack is approximately proportional
to the steady state field energy in that species. Relating the species-to-species relative field
energy density to the time average of the presence of a photon in each species is an ergodic
assumption about the light transport in these structures. Note that our method of using time
delay in the multilayer system to predict Faraday rotation gives the exact same result as the 4 × 4
matrix method in the limit of a single high-Q Fabry-Perot cavity when ellipticity is taken into
account.[48] The method is equally applicable to multi-layers with large index differences and
with more well-defined reflection bands, but the model is expressly stated to be limited to
situations in which a reasonable amount of structural symmetry is present. The limits of this
approach are that it does not account for the difference in energy between the front and back
ends of the stack due to the relative amounts of reflection and transmission at each wavelength.
Thus, we use standard 2 × 2 transfer matrix techniques to calculate the local energy
density contours for our structures by dividing each layer into sublayers (ten in our case, though
we have observed that further subdivision does not improve the fits for our systems) and
summing the electric field energy density, u A, B = ∑ ( n 2 E 2 )
sublayers.[44]

A, B

, for each species over its

As supported by the Appendix, these energy densities correspond to the
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likelihood of finding a photon at each point in the stack and thus are used to find the time spent
in each constituent species as, for species A, t A =

u At D
. This time spent in each species is
u A + uB

then weighted by the species’ bulk Verdet coefficient and the species’ group velocity, (as
described earlier to get υ ), found from the index of refraction dispersion, vg =

c ⎛ λ ⎛ dn ⎞ ⎞
⎜1 + ⎜
⎟⎟.
n ⎝ n ⎝ dλ ⎠ ⎠

Thus, the Faraday rotation per applied magnetic field for the entire multilayer stack is very
nearly:

(Vv ) ∑ ( nE ) + (Vv ) ∑ ( nE )
2

θF
B

g

= υ At A + υ B t B =

A

g B

A layers

∑ ( nE )

B layers

2

2

tD .

(4)

All layers

As a test of the assumptions made in the derivation in the Appendix, we compare our
results from Eq. (4) to the predictions from more standard 4 × 4 transfer matrix techniques for
calculating Faraday effects in multilayers.[22] Our implementation of this 4 × 4 transfer matrix
approach is consistent with those previously published by others for both the transmission and
Faraday characteristics of purely dielectric multilayers starting from considerations of
magnetically-induced circular birefringence, i.e., the differential indices of refraction for left
circularly polarized (LCP) light and right circularly polarized (RCP) light in the presence of an
applied magnetic field and, for small fields, linear in that field.[18,49]
To connect the results of our modeling to our experimental results, we start with the
values for the bulk Verdet spectral dispersion formula obtained by fitting bulk Verdet constants
reported elsewhere in the literature for PMMA[40] and PS[16]. The spectral dependence of the
Verdet was approximated from the measurements described in Section 2 above.
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In our

calculation, we used the Cauchy refractive index dispersion, n 2 (λ ) = nλ2 =∞ +

c1

λ2

. In our case, the

two parameters ( nλ2 =∞ , c1 ) correspond to ( 2.40,8.31×104 ) for PMMA and ( 2.61, 6.14 × 104 ) for
PS, respectively, with c1 in nm2 [50,51]. Using this approach, we calculated the transmission
and Faraday rotation θ F B in our 128-layer and folded 64-layer PMMA/PS polymer.
The results of our modeling as a function of incident wavelength are shown in Fig. 6. For
all of these graphs, we assumed zero variation in the individual layer thickness and a purely
monochromatic probing light.

There are no free parameters used in comparing the two

approaches for determining the Faraday rotation.
Immediately apparent in the 128-layer case are the enhanced band edge effects and the
suppressed rotation within the reflection band, consistent with our measured results shown in
Fig. 4. In the folded 64-layer case, there is, in addition, an even greater enhancement at the
reflection-band central defect caused by the half-wavelength defect in the quarter wavelength
stack, consistent with our measured results shown in Fig. 5. Although one might expect that
even the low levels of light transmitted in the reflection band would experience at least the
rotation expected for a pair of monoliths of the same total thickness, simulation and experiment
show that this is not the case. This somewhat unexpected suppression of Faraday rotation seen
in the stop band can be understood primarily as a consequence of the reduced time spent in the
material as the group velocity of the waves in the reflection band is greater than the group
velocity near the band edge or even well outside the reflection band.
Qualitatively, the measured results shown in Fig. 4 and the simulated results shown in
Figure 6(b) for the case of 128 layers differ primarily due to the effects of layer thickness
variations and spectral averaging. We consider these effects explicitly in the calculated results
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shown in Fig. 7 based on an assumed variation in layer thickness comparable to that shown in
Fig. 1 and the use of probing light of a finite spectral width. Again, both the standard 4 × 4
transfer matrix simulations and the predictions based on the time-reduced Verdet values for each
species and the effects of the multilayer structures on the group velocity delay yield almost
identical results. In this case, as in Fig. 4, the transmission band can be seen to be lossier and
wider overall, yet with complicating features, such as the increase in transparency at just below
500 nm. This feature can be understood to be a defect in the reflection band arising from broken
symmetry in the quarter-wavelength stack caused by layer thickness variations. In this instance,
in addition to a smaller edge enhancement in the predicted Faraday rotation of the stack, we note
an additional enhancement in the rotation at the location of this defect in the reflection band.
Moreover, by changing the random thickness variations, we found that the band-defect
enhancement shifted to the opposite side of the band as compared to the exact result for perfectly
even layers, leading to the anomalous high-energy band-edge enhancement seen in both Figs. 4
and 7.
Note that the results of Figs. 6(b) and 6(d) and Fig. 7 include the effects of ellipticity in
the output polarization angle as predicted by Eq. (A3), but do not indicate the degree of
ellipticity directly, which we did not measure. Figure 8(a) shows that, away from the reflection
band, the ellipticity is very small and both the 4 × 4 and 2 × 2 transfer matrix methods yield
essentially the same results. In the reflection band, however, the two simulations diverge due to
the accumulated effects of differential reflectivities increasing the ellipticity of the output. Note
that our 2 × 2 transfer matrix approach does not take into account the magnetic-field induced
difference in the reflectivities for the two polarization directions at each layer interface which
leads to an elliptically polarized output, yet it is in closer agreement with the 4 × 4 transfer
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matrix method that includes the effects of ellipticity using Eq. (A3) than one that does not. We
believe that much of the remaining discrepancy between the results of the 2 × 2 and 4 × 4 transfer
matrix approaches can be explained in terms of the ellipticity of the output polarization. In Fig.
8(b) we plot the difference between the models used in Fig. 6(d) ( θ F 2×2 − θ F 4×4 ). As can be seen,
this difference closely tracks the predicted ellipticity.
In this Section and the Appendix, we have described our experimental results and an
alternative way to quantitatively understand the Faraday rotation in lattice structures in terms of
the time spent in the various species making up the structure.

Admittedly, this alternate

approach still requires significant computation, but we maintain that this approach quantitatively
delineates the role of the constituent magneto-optical rotary powers of the member species, and,
separately, the dispersion caused by the multilayer in causing the modulations of the Faraday
rotation. It is hoped that such a simple physical narrative may be helpful to those designing
composite structures with larger Verdet materials than we studied, and that it may suggest ways
to understand other transport related phenomena in complex media.

4. CONCLUSION
Light at wavelengths well outside the reflection band will travel essentially once through the
system and thus the Faraday rotation is on average the species weighted rotation of the
constituent bulk materials. Light at wavelengths near the reflection band edge or at band-defects,
however, experiences multiple reflections when passing through the multilayer film, effectively
increasing the time of transit through the film and proportionally increasing the rotation angle.
.Our experiments show that band-defect enhancements in samples with random layer thickness
variations can be controlled somewhat when systematic defects are included in the structure
through, for example, the use of folded multilayers. We believe that all cases can be explained
17

by changes in the group velocity associated with band-edges and band-defects and that the group
velocity delay scales appropriately with the Faraday rotation for these systems, and not naively
with thickness. Our experimental results are consistent with our model which shows that the
Faraday rotation per applied B-field in symmetrical multilayer stacks is just the time in each
constituent material scaled by the Verdet in that material written in time units. Furthermore, the
time in each material can be estimated by the weighting the total time delay by the proportionate
amount of electromagnetic energy density in that material. .
Further work is also ongoing to enhance the Faraday effect in these systems by
incorporating magnetically active materials into the layered stacks. In addition, we are exploring
the use of systematically prepared defects and gradient multilayer structures in order to further
enhance the Faraday rotation.
To summarize, we modeled and measured the magneto-optic rotation caused by the
Faraday effect in layered polymer films composed of alternating layers of PMMA and PS
produced through a single step co-extrusion process.

Our simple conceptual model

quantitatively captures band-edge and band-defect enhancements of the Faraday rotation and the
significant drop in the Faraday rotation in the center of the reflection band. Our experimental
setup for measuring Faraday rotation is capable of 0.001o resolution down to around 0.002o
rotation and our measurements show band-defect enhancements and edge enhancements in a
manner consistent with the group velocity delays of light propagating through the system.
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APPENDIX
The starting point for deriving our assertion Eq.(3) is the standard ( 4 × 4 transfer matrix)
technique for calculating Faraday effects in multilayers.[22] Our implementation of this the
4 × 4 transfer matrix approach is consistent with those previously published by others for both

the transmission and Faraday characteristics of purely dielectric multilayers starting from
considerations of magnetically-induced circular birefringence, i.e., the differential indices of
refraction for left circularly polarized (LCP) light and right circularly polarized (RCP) light in
the presence of an applied magnetic field and, for small fields, linear in that field.[18,52]
Operationally, by “time spent in each component of the medium” we denote the energy-weighted
group velocity delay in each component. Various parts of this correspondence have been noted
in the literature, but this derivation delineates those parts of the correspondence that are always
true from those appear to depend on the particulars of our systems (parity symmetry) and
approximation.
Note that at zero magnetic field, the orthogonal linear polarization states Ex , E y moving
through this non-birefringent material have identical characteristic 2 × 2 transfer matrices in the

( E , H ) basis of the usual form for multilayer transmission calculations,
⎛ cos δ
M =⎜
⎜ iη sin δ
⎝
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i sin δ ⎞
η
⎟
cos δ ⎟⎠

(A1)

with η the complex impedance of the medium at frequency ω , and δ = nk0 x is the optical path
length measured in vacuum wavelengths of the material in terms of the index of refraction, n ,
and the vacuum wavevector, k0 . To couple these orthogonal polarization states, we combine the
characteristic M matrices for each layer with the 2 × 2 coupling matrices C into a 4 × 4 transfer
⎛M
matrix M = ⎜
⎝ −C

C⎞
⎟ where the C matrix parameterizes the vertical and horizontal optical
M⎠

rotation for the case of azimuthal symmetry (longitudinal applied magnetic field) assuming no
absorption (η = n) or incoherent scattering. For purely dielectric materials, it can be shown that,
in

the

limit

of

⎛
−i sin δ
⎜
⎜
C = VB
⎜ ⎛
sin δ ⎞
⎜ n ⎜ cos δ +
δ ⎟⎠
⎝ ⎝

small

Faraday

rotations,

C

takes

the

form

( 1 n ) ⎛⎜⎝ cos δ − sinδ δ ⎞⎟⎠ ⎞⎟

⎟ where VB is the product of the bulk Verdet
⎟
⎟
⎠

−i sin δ

coefficient for the constituent material, and the applied magnetic field (~1T for our experiments
and simulations).[53] Note that in this limit C = C p + C s where we call the “primary” part C p of

the

rotation

C s = VB

is

⎛ −i sin δ
C p = VB ⎜
⎜ n cos δ
⎝

cos δ

⎞
n ⎟ and
−i sin δ ⎟⎠

the

“secondary”

part

Cs

is

sin δ ⎛ 0 −1 n ⎞
⎜
⎟ . The characteristic 4 × 4 transfer matrix for each layer thus expresses
δ ⎜⎝ n 0 ⎟⎠

the phase and amplitude changes in that layer (and interface) as well as the coupling of the LCP
and RCP refractive indices as a function of applied magnetic field for the constituent materials.
Operation of the transfer matrices M of each layer on the fields expressed as a 4-dimensional
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⎛ Ex ⎞
⎜
⎟
Hy ⎟
⎜
complex vector
(where, in our case, the incoming E y , H x are assumed to be zero), we
⎜ Ey ⎟
⎜
⎟
⎝ −H x ⎠
arrive at the (complex) values of the horizontal ( E x ) and vertical ( E y ) polarization output and
their ratio χ =

Ex

Ey

.

The fact that C p and C s scale differently with the thickness of the layers indicates that in
most situations of interest here, the Faraday rotation is dominated by the contributions from the
primary

part

⎛0
M −1C = VB ⎜
⎜n
⎝

Cp ,

which

we

will

henceforth

denote

simply

C.

Note

that

1 ⎞
n ⎟ = iVB {∂ M } M −1 where to get the last equality we have ignored the
δ
0 ⎟⎠

dispersion in the n (we ignore the material’s intrinsic refractive index dispersion throughout this
appendix).
The optical transport in the complex medium is the product of the 4 × 4 transfer matrices

M for each component labeled by ‘i’ in sequence. In the limit of small Faraday rotations, we
⎛M
need only keep terms linear in the Vi and thus have M = ∏ Mi = ⎜
i
⎝ −C

C⎞
⎟ where now
M⎠

M = ∏ M i and the C = MS where S = ∑ Pi −1 M i−1C i Pi where we take M = N i M i Pi for each i
i

i

where N i = ∏ M j , and Pi = ∏ M j .
j >i

The vectors wt =

j <i

1
1
(1,1) and wr = ( −1,1) are the transmission and reflection
2
2

propagation eigenstates in the n = 1 medium to the left and right of the layered medium. Thus,

21

taking the ratio of the horizontal transmitted component to the vertical transmitted component,
the observed rotation is θ F ∼ arctan ( χ ) ∼ wt† MSM −1wt = iB ∑ Vi wt† N i +1 {∂δ M i } M i−1 N i−+11wt
i

We can now relate this expression to sum of the energy-weighted time in each layer
multiplied by the rotation (per unit time) in that layer. Note the transmission amplitude is

τ=

1
. One observable from this transmission amplitude is the total group velocity
w M −1wt
†
t

delay across the entire multilayer; it is “i” times the derivative with respect to the wavevector of
the

∂ k0 φ =

phase

of

the

transmission

amplitude,

∗
1 ⎡ ∂ k 0 τ ∂ k0 τ ⎤ τ 2 ⎡ †
wt ∂ k0 M ∗−1 wt wt† M −1wt − c.c.⎤
−
=
⎢
∗ ⎥
⎣
⎦
τ ⎥⎦ 2i
2i ⎢⎣ τ

(

)

Now we use the fact that the multilayer systems we are studying are typically very close

⎛ −1 0 ⎞
to being parity symmetric, that is, M −1 = TMT where T = ⎜
⎟ maps outgoing states to
⎝ 0 1⎠
ingoing states (under time and parity reversal) in the original 2x2 scattering basis. Further, in the
limit that there is no absorption (implying that the power quadratic form P satisfies P = M † PM

⎛0 1⎞
where in this 2 × 2 basis P = ⎜
⎟ ), this reflection symmetry of the film implies that
⎝1 0⎠
M −1 = M * . We reiterate that this is strictly speaking only true for the multilayers ( AB) N ( BA) N
or ( AB) N A , in the notation of this paper but that ( AB) N for large N is, in a sense, close to
being parity symmetric.
Under the even parity/no absorption assumptions, the wr M −1wt is purely imaginary.

⎛1 0⎞
Then, using completeness, wt wt† + wr wr† = ⎜
⎟ , the total group velocity delay takes on a very
⎝0 1⎠
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(

(

)

form: ∂ k0 φ = −iτ 2 wt† ∂ k0 M M −1wt

simple

and

note

that

the

expression

)

wt† ∂ k0 M M −1wt = ∑ wt† N j n j l j ( ∂δ M j ) M −j 1 N −j 1wt , where n j is again the index of refraction of
j

the jth layer and l j is the thickness of that layer.
The N −j 1τ wt is the local ( E j , H j ) at that layer's output facet. The n j ( ∂δ M j ) M −j 1 as a

quadratic form on that field vector gives one the normalized local energy density in the standing
wave and scaled by l j gives the normalized local circulating energy in the jth component.

⎛ a ib ⎞
Explictly, let N j = ⎜
⎟ where by the non-absorption assumption a, b, c, d are real and
⎝ ic d ⎠
because (steady state) transport is power conserving and preserves the bracket, det ( N j ) = 1 .
Then

E j = τ (d − ib)

wt† N j n j l j ( ∂δ M j ) M −j 1 N −j 1wt = nE *j E j +

and

H j = τ (a − ic)

and

the

1 *
H j H j . Note further that this energy density is constant
n

⎛ n2
inside the j component, as follows because ⎜
⎝0
th

0⎞
⎟ , the quadratic form for the local energy
1⎠

density, commutes with the infinitesimal version of Eq.(A1) above. That is, as expected in
steady state, the standing wave power density is spatially constant in each component.
At this point the connection between the group velocity delay ∂ k0 φ and the Faraday
rotation θ F is straightforward. The derivative ∂ k0 φ is related to the terms making up the Faraday
1
rotation by apportioning the total delay td = ∂ k0 φ into delays in each component proportional to
c
the total energy density in that component. For simplicity of notation, assume that the system
was just ( AB) N . Then t A = u A td is the time in material A and t B = u B td where “
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” means

normalized in terms total circulating energy u A + uB in this case. Thus, for the primary part of
the Faraday rotation,

θF
B

= υ At A + υ B t B , as described in Eq.(3).

In summary, we have derived a connection between the primary part of the Faraday
rotation (usually computed in the 4 × 4 formalism) and the total group delay in a complex linear
medium (from the 2 × 2 problem), assuming no intrinsic media dispersion, no absorption and
parity of the medium. We have shown that the local energy of a layer (again, using the 2 × 2
formalism) is a proxy for what fraction of the delay is spent in that layer. This furnishes a rather
complete analytical description of the Faraday rotation in complex media in terms of the rotary
power of the individual components and the dispersion created by the multilayer structure itself.
Note that in conventional Faraday measurement, the Faraday rotation angle is calculated
assuming linearly polarized light input and output (Ex) which neglects ellipticity. θ F = tan −1 ( χ ) .
In a 1D-PC system, the ellipticity accumulated through multiple reflections can be significant,
however, due to the difference between the RCP and LCP refractive indices in each layer. In
particular, near and in the reflection band, the ellipticity of the output light is indicated by χ
being complex. In general the relationship between the azimuth angleθ and ellipticity angle ∈
for the real and imaginary parts of the output field ratios is then given as[54]

Re( χ ) =

tan θ (1 − tan 2 ∈)
,
1 + tan 2 θ tan 2 ∈

Im( χ ) =

tan ∈ (1 + tan 2 θ )
.
1 + tan 2 θ tan 2 ∈

(A2)

If we assume the input azimuth angle is zero (linear polarization in x̂ ), the transmitted
Faraday rotation angle and the ellipticity angle can be finally written as
Faraday : θ F =

1
2 Re( χ )
tan −1 (
),
2
2
1− χ

1
2 Im( χ )
Ellipticity : ∈= sin −1 (
) .
2
2
1+ χ
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(A3)

The values for the Verdet coupling of the LCP and RCP refractive indices as a function
of magnetic field used in the parameter V for each constituent species were directly calculated
from Verdet spectral dispersion formula obtained by fitting bulk Verdet constants reported
elsewhere in the literature for PMMA[40] and PS[16].
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Figure Captions

Figure 1. (a) AFM image of a cross-section of a typical 32-layer PMMA/PS co-extruded film.
(b) Layer thickness distribution for the film above determined by AFM analysis. The average
thickness of the PMMA and PS layers in this case was found to be, respectively, 80 nm and 92
nm.

Figure 2. Schematic setup of our Faraday rotation experiment. LED: high-lumen green LED, L1:
collimation lens, P1: thin film polarizer, BS: beam splitter, P2: thin film polarizer/analyzer
mounted on rotary mount, M1 & M2: mirrors, Mono: monochromator, OO: Ocean Optics CCD.

Figure 3. (color online) Verdet constant spectral measurements for monoliths of PS (solid red
circles) and PMMA (open blue circles). The inset shows typical data from our intensity-tofrequency detectors during applied magnetic field reversals.

Figure 4. (color online) Measured spectral transmission (solid black circles) and effective
Faraday rotation per Tesla (open red circles) of the 128-layer PMMA/PS multilayer film as a
function of the incident wavelength.

Figure 5. (color online) Measured spectral transmission (solid black circles) and effective
Faraday rotation per Tesla (open red circles) for a 64-layer folded (PS/PMMA)16(PMMA/PS)16
multilayer film as a function of the incident wavelength.
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Figure 6. (color online) (a), (b) Simulation of 128-layer film of PMMA/PS multilayer; (c), (d)
simulation of a folded 64-layer film. (a) and (c) show the predicted transmission spectra from
the multilayer stack . (c) and (d) show the predicted effective Verdet spectra using both the
standard 4 × 4 matrix approach and the reduced Verdet, time-delay 2 × 2 transfer matrix
approach described here. The bracketing red and blue lines show the predicted rotation from
monoliths of PS and PMMA, respectively, of the same thickness.

Figure 7. (color online) Simulation of 128 layer of PMMA/PS multilayer with layer thickness of
87nm, but with probing light has a finite Gaussian spectrum width of from 3.5 to 4.5 nm and a
layer thickness variation of 10%. The solid line shows the predicted transmission spectrum and
the dashed and dotted red lines shows the predicted Faraday rotations using the reduced Verdet,
time-delay 2 × 2 transfer matrix approach and the standard 4 × 4 matrix approach, respectively.

Figure 8. (a) Comparison between predicted Faraday rotation for a folded 64-layer structure
considering ellipticity (solid line), without considering ellipticity (dashed line), and using our
time-based Verdet model (dotted line). (b) Comparison between the predicted ellipticity angle
for this folded 64-layer case (solid line) and the scaled difference between the 4 × 4 and 2 × 2
transfer matrix results shown in Fig. 6(d) (dotted line).
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