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The Periodic Table (See Shankar pp.369-371, Griffiths sect. 5.2.2)

Understanding the periodic table is one fo the triumphs of QM. Recall that
for hydrogen, the electron energy eigenstates are |n,I,m>, where

n=1,2,3,... |=0,1,...,n-1 m=-1, ...,0,...,l

n=principal quantum number, I=orbital quantum number, m=azimuthal (or
magnetic) quantum number. At a given energy-level n, there are n?
degenerate states.

Note too that since the electron is a spin-1/2 fermion, it can be in a spin-up
or spin-down state of S,. So the electron’s state can be further specified by

Its spin quantum number m_ = +1/2 or -1/2.

Hence, the degeneracy at energy level n, including electron spin, is 2n2.

Spectroscopic notation: |=0 > s, =1 2>p, [=2->d, |I=3 > f,

(So, for example, a 2p state refers to the state n=2, I=1.) Thus, the
eigenstates (i.e. orbitals) for the electron are

1s, 2s, 2p, 3s, 3p, 3d, ....



Understanding Multi-electron atoms

The basic picture follows from some simple considerations/approximations

1) Crudest approximation: ignore all electron-electron interactions! So each
electron is in one of the hydrogenic (i.e., single-electron) eigenstates (called
“orbitals”)

2) Pauli exclusion principle: no two electrons can occupy the same exact state
3) Electrons fill orbitals in order of increasing energy

4) Electron-electron interactions break the degeneracy in | of hydrogen: For a
given n, states with higher | values tend to have higher energy (since higher
| means more angular momentum, and such an electron tends to be farther
from the nucleus and hence the inner electrons tend to “shield” the nucleus.

5) States with filled shells (i.e., n-levels) or filled subshells (i.e., subshells) tend
to be chemically inert, since the total electric charge configuration is
spherically symmetric, so they shield their nucleus effectively, and hence
there is little electron affinity for electrons in other atoms.

With this in mind, we can now construct the expected ground states of various
elements ...



Element

H

He

Li

Be

Ne

1s

|

2S

2p 2p

2p

il

il

il

il

il

il

il

il

il

il

il

— | — | ——

il

il

il

il

il

il

il

— | — | — | — | —
— | < —

— | — | — | ——]

Electron configuration

(1s)*
(1s)?
(1s)*(2s)*
(1s)*(2s)?

(1s)*(2s)*(2p)*
(1s)*(2s)*(2p)*

(1s)%(2s)*(2p)®

(1s)%(2s)*(2p)*

(1s)%(2s)*(2p)°
(1s)%(2s)*(2p)°



Notice that He, Ne, Ar, Kr, ... making up the last column of the periodic
table tend to be chemically inert. Elements in the first column, such as Li,
Na, ... have one “extra” electron, so to speak. This extra electron “sees” a
net charge of only +e when it “looks inward”, since the 10 inner electrons
effectively “screen” much of the +11e nucleus - i.e., the outer electron in
Na is only loosely bound to the atom. Thus, Na is fairly willing to give up
this loosely bound “valence” electron to other atoms. Elements in the
column next to the noble gas column, such as F, Cl, ..."want” to receive an
extra electron. So Na and F make a good match: Na will donate an
electron to F, in which case both atoms are ionized, and thus held together
by an “ionic bond.”

As we continue along the periodic table, some of our preceding rules must
be modified. For example, after argon Ar= (Ne)(3s)?(3p)® comes
potassium K =(Ar)(4s). Notice that we would have expected potassium’s
19t electron to go into the 3d state, not the 4s state. Why didn’t it?
Because the growth in energy due to the increase in | is larger than the
Increase in energy from n=3 to n=4, so it is energetically favorable for the
extra electron to go into the 4s state!



Addition of Angular Momentum
Reading: Shankar chapt. 15 and Griffiths 4.4.3

We found that the angular-momentum state of a particle (either orbital
or spin) could be represented by |j,m>, w,her,(\a j, m are “good quantum
numbers” associated with the operators J?, J,:

T Ny,my = b 1j,mY
t m ’,).)”l7

Here, “good” means that these numbers can be simultaneously specified,
since the two operators commute. And of course we also determipned
gommugation relations involving other related operators, including J, J,, J

32,3, 7.
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e.9, [s-x)%;j = ll:t —.)-2_ J efc.



If we have either

a) 2 (or more) distinct particles, each with its own angular momentum, such
as in a multi-electron atom

b) A single particle that has both orbital and spin angular momentum, such
as the electron of a hydrogen atom

Then we can ask questions about what the total angular momentum of the
system is.

—
Start with 2 angular momenta 9,
assume they commute):

Preliminaries A
|

it
y j?_ belonging to different subspaces (i.e.,

DB, 3,3=k3, L3, 9749, [3:,5,3=4% 3’7
[ T2x, 3'_‘7]= & Je (3., T2e]) = 16 D, [‘.Sz%;j,_,,j =5 37

[jl,j )_j-zl,_j =0 J)EXY, 2 , lk=x,7,2



The state of the composite system is given by

‘J|)Ml7® ljl)M7-7

(equivalent notation: 101, M.,j,_,m,_j or 1y,m7 ljz,mz7 )

In this uncoupled representation, the system is specified b)é_4 quantum
numbers, Jis M1 dz )My« - ie., the operators 3y ) Jg? 7 )3, .2 forma
complete set of commuting observables!

(Note: the dimensionality of the composite system is just the product of the
dimensionality of the two subspaces).

The above representation is a perfectly good way of expressing the angular
momentum state of the composite system. We now look at an alternative
means of doing this which proves especially useful.



Total angular momentum S S, 5 1've drof

¥
3 — T ho
Define the total angular momentum = .j, + —57. & the +V$
e

0
The magnitude and z-component of the total angular momentum for the f
composite system is described by operators

:)__.7. (3'4-5) D, t I, + 20,9,

-5253' )

12 22

Do these operators commute with one another? --YES
(Stop and verify this for yourself!)

So these operators share a common set of eigenvectors, and thus they provide
us with two good quantum numbers. We’'ll call these j and m, and denote the
eigenstate |j,m>. Since the total angular momentum is still just an angular
momentum, by earlier arguments we have

T by = RGeS hm e



where m =+, -j+1, ... 0, ..., j-1, | (A|§oj [3%,3,]) = 53, , etc.)

But wait! In the uncoupled representation, the angular momentum of the
composite system is specified by 4 good quantum numbers. But so far, in
terms of the total angular momentum, we have only found 2 good quantum
numbers: |, associated with the magnitude of the total angular momentum,
and m, associated with the z-component of the total angular momentum.

We’'ll need to hunt around for (two) additional operators that commute with
one another and with =5 ) Ja
< 2 —_ T
I'll spare you the search: '3_, 72 P 75, ) )7_ 'Form (o)
COMP'CT@ Se'l’ a'F Commu‘rl'nj observse b/e.S./

Let’s do a quick, partial verification of this. s
[7'.)3'?-]-[')3' . +23,-7,7)
= 2 [7112 39» % )
= 203,33,
= O



“1

5,5 Vg )

L35 Ia* 27
[5'11 5'?3
= 0

[

(Verify for yourself, for example, that J?2 doesn’t commute with J,, or with J,))

(= T 2
We'll call the representation in which 9. 52,9, are specified the
coupled representation, and denote the eigenstates by | J LM, . J2 >

In the coupled representation, we have the obvious (or at least plausible)
relations:

TS m gy = B5G0 1 ke
alogmappr=tmigmis.?

S lom D1 jv) = LG ymyi oo
T Limgr )27 = W50ty oy 2



Relation between representations
So we have two perfectly good bases for describing the angular momentum
of a composite system:

\‘}1,""17”2.)""27 ol 'jimlj')jz7

What's the relation between the two? Let’s start with the quantum numbers
themselves.

Sl'n Ce _52' lj.,""l?lj?.,”‘z7 (—5,.2"— -5;2_) 1‘)'[,”17 ,,).z)”zj

= 'l'a(r\n, M)

leM|7 ),).2)"117
=7 m = M, + M,

Now, since the max value of m, is j,;, and since the max value of m, is j,, it follows
that m__=j,+,.- But we also know that m ranges from —, ..., . Hence we can
conclude that j_... =j,+j,- (Perhaps this isn’'t surprising: classically, the magnitude

of the total angular momentum of a composite system can’t exceed that of its
individual components.



Reasoning classically, we might also anticipate that there is a minimum
value of j for the composite system, given by the difference |j,-},|

(corresponding to when the angular momentum of the individual
components of the system point in opposite directions). This is indeed the
case, as we now show using a counting argument:

For a given |, j,, there are a total of (2j,+1)(2},+1) independent basis
vectors of the form [j,,m> |},,m.,>.

This must be the same total as for the |},m, j,,},> basis (with |, ], fixed
as before). Now, for each |, there are (2j+1) possible m values.

So we demand that ,

Jm“.;:c)lt)'z
Z (25+1) = (zj,+|)(zjz+1>
l.)M;n

:> c).r"ll‘n - ll)')_\jZ]



Summarizing, A2

i

m, + M,

N P P AN

Now let’'s compute the relationship between the basis vectors of the
coupled and uncoupled representations:

L) m ‘).l .)z> - 22 Cm,m,_ IJ.U"'U.).I)M7->

m'-i-mz':rh

WLCV'C Cm " = <‘);JM'J‘)'1)""LI.). MJ!J2>

2

The coefficients Cm,m-,. are called the Clebsch-Gordan coefficients.

2
Their interpretation is straightforward: lCm,m,_l gives the probability that,
for a specified j and m, a measurement of j,, will yield the value m, and a

measurement of j,, will yield the value m, .



Calculation of the Clebsch-Gordan coefficients can be done by appropriate
application of the raising/lowering operators J,,J. (though we note that these

calculations tend to be tedious, so look-up tables exist to assist you).

[Note: The standard phase convention used when defining basis vectors |j,m,j,,j,>

IS such that all Clebsch-Gordan coefficients are purely real, and that the projection
<Jp, My=y; Jpy M=)y | J,m,y,),> IS real ]

Here’'s an example calculation:

What does the state [1,-1,1,1> look like in the uncoupled representation?

TTrd
J M e
S;alu'ra‘an : J' =| —™ mMm, = ,0,°1
Jr =) T My F 1,0,"1
Bui Mmz=m,+my — “l= m +my — Cm,:o) "‘z’-’“)

or
(M=, m,20)

C 1uod,y + C LML

= L0, _
3s °m 11 11 Ll

-1
T T
J M

V
Il

J

h Jr h M g2 My



H:,t beth sides w/ J_. = 3 + 7.

) - -

LHS : 3-— )'J-" ”,> = O (5"/\(6 for J=0, ))

m ('Oln"" 90 belew ~

RHS T + '5 }[ C ll,o))p,-a) + ¢ I )))i,o)j

‘lo
B Cot M7 1L+ Cy 11,<19)0,-17

SC""",M) LBS = RBS => o= ¢ r C

oJ-l "‘,)o
"‘*b Ca)-' - = C"')O , No/'rh‘n';'la-tv'mﬂ O‘F l IJ"I) 'J )7
) - L
j ves CO)‘I V';-
- —_— - -
]b 1,1 = -%{-]'4‘77"-» 177 7{-“, 1211,



It's easy to find the Clebsch-Gordan coefficients in two limiting cases:
1) ]J;"'.jz; j.*Jz:it,jz) = 1. IJ.,J'DL)})JD
2) Jotde,mGina)sdng:) = 1 - 101,019 152, =52

If you're interested in a general way of calculating Clebsch-Gordan coefficients,
the following (recursion) relation proves useful:

Consider <,).u""))\).z,mz] T‘l_: ’J.J"") J.IJJ.Z>.

T |
uncwflrel r (f Covp led

qulvo\-fe 'n 2 ol-’#e/en'f ‘~G.7J !

A) allow Ty to acl to the righl

= t\[a'-im)(.)':tmﬂ) ZJ‘U’"U-}?-)"'?-,J‘)mt,)J'le7

B) allow 3} = 3-,1: t 37_1. to act to the left

= W VGremdGrrmed KoL MT1,00,me [ S m 3, 5,0
+ % v?jltmt)(jz.?-mﬁ') éj'-’"‘/.). Lyl F) l IMm g2




Equating these two expressions leads to a useful relation that allows one to
(recursively) generate all Clebsch-Gordan coefficients (provided one uses the

orthogonality conditions as well).

Example 1: The allowed (m,;,m,) and (j,m) values if j,=1 and j,=3/2

m, m, m j
| 3/2 5/ 5/
o 3/2 3/2 512 I
I /2 3/ S/, 3/2
-1 3/ /2 52,3, 11,
0 12 1/2 512,312, )14
l -1/2 /2 52,312, 1>
- )2 “1/2 /2,32, 1/~
0 =Tz e 512,312, 1y,
. =3]2 172 5I2,3/2, 1/
-1 =12 =3l 5132
0 “i~ =il 7%, 3]~
=1 32 ~5/z S/ ]

Notes:

a) There are 12
distinct combinations
of (m,,m,), and 12
distinct combo’s of

4,m)

b) Table is
organized by
decreasing m
values.



Example 2: Two spin ¥z particles

Total Sfl‘o\ " S=1 or $=0 (Sn:{') 57-:1'1.)
e ..":"g;jo ¢« mg = ,.,1.3, r "‘Th = my=1,0,7I
/. t))=2
If 5= — m;= 1,0, (Trff'e'f staTe )
ST0 —> mg= 0 (Singhet sToTe)
“) ) 1)‘1‘7_7 I%:J{)'Ji"'ﬁ
i ) 11,0,4,19 = LD LI EY)

| L7L 4Ly =



Example 3: Angular momentum of two p electrons (i.e., j,=1 and j,=1).

2NN EANGEOEONG

1301520 T 2 Cpppry 151 M2 1J2 27 )
221D 10D HDL
2111) = = 11ONhe) + L JednY
2011 = -—'ra |12 115 +fj|o)]|a)+ )r—:)l:))
1Tl Ny F o o7 o+ 'Fz 119 oY
lx-2n) = |1=12))-1)
Yz o 2 hey == ey e
lony = 'Lv?i 0211717 = =1-9 )y
I RPN T‘r’{ ]w?)l'l?--l— 1112 )10
]oan7 = = Imh- 17--—‘; 1103 )10 +.Ll; - n3




To show this, willneed J_ 1y m ), 5,9 = B V(5 ) (j = m+) |j w1 500

plus orthogonality relations (plus phase choice) :

O follows becawse therds only one chovee!

To 5et @, opply 5L =545, t O:
S_ laxn) = ('5.-'*3;_) In2 ) n>

= 2t j2inY = VIE[ 11007 4 ey 03]

Te ch @ qff’?’ J. = 5,_ '1'3-2_ to Loth srdes
O'I. @. Il(e'ff oAN aloﬂa:) ‘fLu:S ‘fp j¢7 @ aq,l @.

_,-0 je-t @ . Wwe LLngw ,ll'll? = Q’ll?“y? + 5“07’,'7



bu’r (llll)”n?: ] _ a2+bz=)

Also L))

r
O
l
9

=) &= t-VL'i ) L= ;"Fz. . Pl‘\""f Conveal.'sm SayS

o0 M=, Jo, ma= g5, 105 e = postive

=) o= L )b,-.l__
V<

Apf’7 T)‘_ = .3,- +-SZ- 1o L,‘ﬂ, srdes ’7[ @ ‘fo
je-’ @. Afp'7 'r'-n'f Qj‘c"—o 1o @ fﬂ j€7 @

To g9et (P @ We know [001) = alid)iry +bI103e7 +¢) 1y



demand Loon)oony =) —>

demand (2011)oon) =0 —

ox(’ﬁnaao‘ <|0”100”7 =0 —
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